which such a partition seems to exist. Suspiciously, these are also the only members for which the conjecture (reduction to the trivial loop) seems to hold.
Preliminary analysis
The Collatz conjecture / 3n+1 problem posits that recursive application of the mapping
if n is even; 3n + 1 if n is odd,
on any natural number n ∈ N, N = 1, 2, 3, . . ., eventually leads to 1, after which the cycle {4, 2, 1} is repeated indefinitely (Pickover 2009 , Lagarias 2010 . The 3n+1 problem has mystified mathematicians for decades. If true, how could such a simple rule reduce all natural numbers to 1?
Instead of the Collatz map (equation (1)) we might study the accelerated Collatz map that sends odd positive integers to odd positive integers:
where 2 O can be transformed to N by g : O → N such that g(n) := n + 1 2 .
The inverse of g is g −1 : N → O such that
Conjugating C through g yields mapping 
with E : [N → 3 + 4N 0 ] (explanation below) such that It is essential to thoroughly understand E. E has the property that We could consider restrictions of F that each pertain to one of these subsets of [N] , and so forth. These distances, which I call 'intervals', are all powers of 2. I use these powers of 2 to refer to the restrictions of F introduced above: This algorithm suggests splitting up F in two parts:
the part of F that does not involve mappings of elements that have a lower equivalent, which is one-to-one, versus the part of F that involves taking equivalents. Thus,
(it could be said that l = 1, 2, although the subscript l is really just an indication to refer to the part of F that maps elements of [N] that have no lower equivalent; l stands for 'lower part'). The other restrictions of F , F z , z > 2, have a domain that is derived from the domain of either F 1 or F 2 through application of E. Indeed,
To verify the elements that are included in the tree rooted in [1] (or in any other root, for that matter), start with the root, take the equivalents of the elements in the root, then take the elements of [N] that map to those equivalents through F l , then take the equivalents of those elements, and so forth. The result of this algorithm seems to partition [N] Similarly, the inverse of 
it follows that 
Proof. By induction. In the first four elements of a z-proportional set, all of F 1 , F 2 and F >2 occur and the ordering of how F 1 , F 2 and F >2 occur throughout the entire z-proportional subset is fixed. The possible orderings are 
mapped through F 2 (it is readily verified that all other possible intercepts are lower). Thus,
Provided that [C k ≤ V k ] (i.e., assuming this Lemma is true), this gives
Substituting k for k + 1 in equation (17) 
Two potential pitfalls in the interpretation of the argument
First, it is helpful to point out that the proof method above does not lead to the same conclusion for 3n − 1 numbers, where 3n + 1 in equation (1) 
Recall that F 
If y 
it follows that
the desired result. As above, the intercepts should be verified. Hence the following Lemma.
Lemma 4. Let [D k ] and [W k ] be the intercept respectively the interval of some z-proportional
Proof. By induction. The highest possible intercept of a new y-proportional subset is formed if the third element of the y-proportional subset it is derived from maps through F −1
Assuming
Substituting k for k + 1 in equation (24) 
Ends meet

Why we might think that this partition is interesting
The string partition, if true, means that although there is no limit to the cardinality of a string 
Consider the generalization
if n is even;
with p ∈ {. . . , −3, −1, 1, 3, . . .} (ps that are even do not make sense). For every member of this generalization, there are trivial loops {p} and {−p}, and there is an equivalence function
). Furthermore, note that studying 3n + p on the negative integers amounts to studying 3n − p on the positive integers.
The 3n+p numbers come in three classes: with p ∈ 1+6N 0 , with p ∈ 3+6N 0 and p ∈ 5+6N 0 . This because 3n + p = 3(n − 2) + p + 6: 3n + p has the same image as 3n + p + 6, but with a shift of 2 in terms of n, which means a shift of 1 in terms of [x] . The following table for 3n + p, p ∈ {1 + 6N} will clarify this. In this table, all elements are in [x] . 3n+37 3n+31 3n+25 3n+19 3n+13 3n+7 3n+1 maps to [x] Notice that in both tables, there is no "0 th " positive integer, so 1 and -1 are adjacent.
From equation (25), position mappings G p analogue to F can be derived. For the first table, for 3n + p, p ∈ {1 + 6N}, these are:
The reader will notice the pattern here: every time the i in each of the restricted domains 2} and G p ([i + 4m] ), i ∈ {1, 2, 3, 4} loops to become 2, respectively 4, it releases a new restricted domain. Because of this, it is no longer possible to make statements of the kind "of any and every 2 consecutive elements of N, exactly 1 is mapped through F 1 " or "of any and every 4 consecutive elements of N, exactly 1 is mapped through F 2 ". Rather, G p , p = 1 consist of multiple restricted domains that are going to form their own period restricted domains.
Consider for instance G 37 above: in the lowest 5 lines we recognize: For 3n + p, p ∈ {−1 + 6N} we have:
We a pattern similar to that found before. In particular, notice that for 3n − 1 numbers, the cycle {3, 4} is not in strings and [2 = E(1)], while for 3n + 5 numbers the loop {1}, non-trivial here, is not in strings. It seems too much of a coincidence that seeming to have a string partition seems to coincide with the conjecture seeming to be true. How is this for 3n + p, p ∈ {3 + 6N}?
Although 3n + p, p ∈ {3 + 6N} is usually overlooked, there is not really a reason to. The situation for these mappings is different, though, because for p=3 the range is 2 + 3N 0 . For
Then, G 3 : N → 2 + 3N 0 , such that
It is tempting but inconsistent to let E 3 ([x]) = 2[x] and write
Yet we retain equations (38) and (39) and the following exposition clarifies why.
3n+39 3n+33 3n+27 3n+21 3n+15 3n+9 3n+3 maps to From these, we derive the following mappings:
As above, if we continue the newly formed restricted periodic subsets, we encounter equivalents.
E.g., for G 33 : if we continue [3, 7, 11, 15] we find 19 = E 33 (1): the periodicity is broken.
Because the mapping for 3n + 3 numbers (equation (39)) is two-to-one, strings take a somewhat different shape (Figure 2 ). Every position that is not the head has a co-tail that is not mapped to, while every position that is mapped to, is mapped to exactly twice. I have simulated these strings for the first 10 9 positions, and found no exception.
Figure 2: Strings for 3n + 3 numbers: every position that is no a head has a co-tail, exactly half or double, while every position that is mapped to is mapped to exactly twice.
And yet, it seems that "a Collatz conjecture for 3n+3 numbers" holds: every trajectory ends up in the 'trivial-loop-plus-one' for p = 3 (as simulated on Klaas IJntema's Collatz Calculation Center). Simultaneously, only the 3n + 1 and 3n + 3 numbers seem to have a string partition.
Hence, I suggest that this perfect regularity for 3n + 1, which does not exist for other members of generalization 3n + p, except for 3n + 3, for which the conjecture seems to be true too, could lead the way to a proof. Definition 5. An 'interval' is the fixed distance between two consecutive identical elements in a periodic sequence, or the fixed distance in N between two consecutive elements of a periodic set.
Definition 6. An 'intercept' is the first element of a periodic set or sequence.
For instance, of the periodic set {11 + 64N 0 }, the intercept is 11 while the interval is 64.
Likewise, the intercept of {188 + 64N 0 } is 188, while the interval is 64. In some (but not all) cases in this paper the intervals are simply the modulus of some progression.
Remark. The periodicity here refers to periodicity in the ensemble. Periodicity could also exist in time. Indeed, the Collatz conjecture states that any natural number eventually yields the natural numbers 1, 4, 2, 1, 4, 2, 1, . . .: periodicity over time. On the other hand, if it is true that every second element of N has some property, then there is periodicity over the ensemble, in this case N. This paper revolves around periodicity in the ensemble.
Remark. There may be more than one interval in a periodic set or sequence (indeed, there may be infinitely many). For instance, in the sequence (1, 2, 1, 3, 1, 2, 1, 4, 1, . . .) there is an interval of 2 between elements 1, an interval of 4 between elements 2, and so forth.
Given a sequence (q k ) ∞ k=1 , a sub-sequence could be sampled from (q k ) ∞ k=1 , taking elements at a fixed distance, henceforth called 'period' p. If a sub-sequence is sampled with period p from a periodic sequence or set, then there are two fixed distances involved: the interval of the periodic set or sequence, and the period with which a subset or sub-sequence is sampled. Hence the distinctive terminology: Definition 7. A 'period' is a fixed step size by which elements are sampled from some set or sequence. that r m steps of size p are taken between two sampled identical elements. Since (q kp+c ) ∞ k=0 is sampled with step sizes p, in (q kp+c ) ∞ k=0 the interval between two consecutive identical elements is r m , just as in the original sequence (q k ) ∞ k=0 . Finally, because the interval between two identical elements is the same as in the original sequence, by exclusion (something is sampled at the interjacent points), the interval between all two consecutive identical elements is as in the original sequence. This completes the proof.
Appendix 2. The proof of F .
The accelerated Collatz map, that sends odd positive integers to odd positive integers, is:
where 2 j is the largest power of 2 that divides 3n + 1, with n ∈ O, where O = 1, 3, 5, . . ., the odd positive integers. Hence, I use the transformation g : O → N, g being defined as
Here, N 0 = 0 ∪ N and E : N → 3 + 4N 0 such that
The derivation of this mapping and the facts that the domain of 
has the property that
Proof. Enumerated odd natural number [x] corresponds to the odd natural number n = 2x − 1, which has the Collatz map image 2x − 1 → 6x − 2 → 3x − 1 (anumber).
For x ≥ 1 the enumerated odd natural number [4x − 1] corresponds to the odd natural number 8x − 3, which has the Collatz map image 8x − 3 → 24x − 8 → 12x − 4 → 6x − 2 → 3x − 1 (anumber).
As the Collatz map images match up to this point, the next odd number in both iterations is the same, and Lemma (51) follows.
Since equations (52) and (53) This can be continued until an element not 3 (mod 4) is reached. Since the position decreases at each step, halting will happen. This completes the proof.
